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Matrix Algebra
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LetA= |1 3 [.Constructa2 x 3 matrix C (by trial and
e ls S

error) using only 1, =1, and O as entries, such that CA = /.

Compute AC and note that AC # /5.

Let A =

(l) : : (l)] Construct a 4 x 2 matrix D

using only 1 and O as entries, such that AD = [;. Isit possible

_that CA = [, for some 4 x 2 matrix C? Why or why not?

001 002 005

with flexibility measured in inches per pound. Suppose
that forces of 30, 50, and 20 lb are applied at points 1,
2, and 3, respectively, in Figure 1 of Example 3. Find the
corresponding deflections.

005 002 .00l
Let D=1 .002 .004 .002 | be a flexibility matrix,

Compute the stiffness matrix D~ for D in Exercise 49, List
the forces needed to produce a deflection of .04 in. at point
3, with zero dellections at the other points.

51

52,

0040 0030 0010 .0005
| .0030 0050 0030 .0010
Let. D=1| 4010 0030 .0050 .0030| P @

0005 .00i0  .0030  .0040

flexibility matrix for an elastic beam with four points at
which force is applied. Units are centimeters per newton
of force. Measurements at the four points show deflections
of .08, .12, .16, and .12 cm. Determine the forces at the four
points.
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Deflection of elastic beam in Exercises 51 and 52.

With D as in Exercise 51, determine the forces that produce
a deflection of .24 cm at the second point on the beam, with
zero deflections at the other three points. How is the answer
related to the entries in D7 [Hint: First answer the question
when the deflection is t cm at the second point.]

Solutions to Practice Problems

3 e
1. a det[ 9] =3:6—(-9):2 =18 + 18 = 36. The determinant is nonzero,

2 6

so the matrix is invertible,

4 —~
b. det[ 9] =4.5—(-9)-0 = 20 # 0. The matrix is invertible.

0 5

6 -9 |
c. det [_ ] =6:6—(—9)(—4) = 36 — 36 = 0. The matrix is not invertible.

4 6
[} —2 — WM B
2.(4 I]~|-1 5 6 0 1 0
| 5 -4 5 0 0 1
[1 =2 =1 1 0 0
~l0 3 5 1 1 0
[0 6 10 =5 0 1
[1.-2 =1 1 0 0
~l0 3 5 1 1 0
[0 0 0 -7 -2 1

So[A []isrow equivalent to a matrix of the form [ B D], where B is square
and has a row of zeros. Further row operations will not transform B into /, so we
stop. A does not have an inverse.

3. Since A is an invertible matrix, there exists a matrix C such that AC = I = CA.
The goal is to find a matrix D so that (54)D =1 = D(54). Set D =1/5C.
Applying Theorem 2 from Section 2.1 establishes that (5A)(1/5 C) = (5)(1/5)AC)
=1/ =1,and (1/5C)Y5A) = (1/S)(5XCA)=11 = [.Thus 1/5 C is indeed the
inverse of A, proving that A is invertible.
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Characterizations of Invertible Matrices
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This section provides a review of most of the concepts introduced in Chapter 1, in relation
to systems of n linear equations in #t unknowns and to square matrices. The main result
is Theorem 8.

The Invertible Matrix Theorem

Let A be asquare n X n matrix. Then the following statements are equivalent. That
is, for a given A, the statements are either all true or all false.

a. A is an invertible matrix.

b. A is row equivalent to the n x n identity matrix.

c. A has n pivot positions.

d. The equation AX = { has only the trivial solution.

e. The columns of A form a linearly independent set.

f. The linear transformation X — AX is one-to-one.

g. The equation AX = b has at least one solution for each b in R”.
h. The columns of A span R".

The linear transformation x - Ax maps R" onto R".

There is an # X n matrix C such that CA = /.

There is an # X n matrix D such that AD = [,

AT is an invertible matrix.
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First, we need some notation. If the truth of statement (a) always implies that state-
ment (j) is true, we say that (a) implies (j) and write (a) = (j). The proof will establish
the “circle” of implications shown in Figure 1. If any one of these five statements is
true, then so are the others. Finally, the proof will link the remaining statements of the
theorem to the statements in this circle.

PROOF If statement (a) is true, then A~ works for C in (j), so (a) = (j). Next,
(i) = (d) by Exercise 31 in Section 2.1. (Turn back and read the exercise.) Also,
(d) = (c) by Exercise 33 in Section 2.2. If A is square and has n pivot positions, then
the pivots must lie on the main diagonal, in which case the reduced echelon form of A
is 1,,. Thus (c) => (b). Also, (b) => (a) by Theorem 7 in Section 2.2. This completes the
circle in Figure 1.

Next, (a) = (k) because A~' works for D. Also, (k) = (g) by Exercise 32 in
Section 2.1, and (g) = (a) by Exercise 34 in Section 2.2. So (k) and (g) are linked
to the circle. Further, (g), (h), and (i) are equivalent for any matrix, by Theorem 4 in
Section 1.4 and Theorem 12(a) in Section 1.9. Thus, (h) and (i) are linked through (g) to
the circle.

Since (d) is linked to the circle, so are (e) and (f), because (d), (e), and (f) are
all equivalent for any matrix A. (See Section 1.7 and Theorem 12(b) in Section 1.9.)
Finally, (a) = (I) by Theorem 6(c) in Section 2.2, and (I) = (a) by the same theorem
with A and A7 interchanged. This completes the proof. o

Because of Theorem 5 in Section 2.2, statement (g) in Theorem 8 could also be
written as “The equation Ax = b has a unigue solution for each b in R".” This statement
certainly implies (b) and hence implies that A is invertible.




